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AGolub/PESrubbs/csr  • 

ON  ES'fI!.'ATr»G  BAX.LIS'flO  LIMIT  AKB  ITS  PJSOISION 

. ^ In  currcnl;  -tos'ts  oT  nriaor  plato;  AP  / 

projectilos  aru  I'ired  at  vcrloi^s  volocit3r  levels  oeoirst  a / 
given  plate  \mtil  some  raixturo  of  comploto  penetrations  and  / 
psitinl  penetrations  io  obtained.  The  "Ballistic  Limit / 
of  the  plate  is  then  estimated  scu)ev«hat  arbitrarily  by  nsin?/ 
tho  average  velooi-fcy  of  two  projectiles  - oce  relating  in  / 
a coioplote  penetriition  and  the  other  a nartial  pe:i  otrati  on . 

It  is  seen,  horfover,  that  subb  a ’’rule -of -thumb"  doos  not 
n 2 stone] o-^  error  which  nay  be  attached  to  tho  cotisate 

of  ballistic  limit  or  to  an  estiirate  of  tho  standard  devia- 
tion oi  tho  dis uribntioh  of  velocities  for  the  sone  of  "mii’od 
results  * The  isone  of  mixed  results"  is  an  intei'val  oxtcjjd** 
velocity  for  which  the  proportion  of  penetratjono 
would  bo  scro  to  a velocity,'  at  which  tha  proportion  of  corfi^lote 
penetration  \/ould  bo  \inity.  Tho  purpose  of  iha  proserb  note 
is  therefore  to  investi/^ate  a mothod  for  estimating  tho  rjan 
or  median  (50%)  velocity,  the  st::adard  deviation  of  tbs  dis- 
tribution of  velocities  for  tho  zone  of  mixed  results  and  -to 
approximate  stfaidard  errors  or  estimates  of  precision  which 
can  b©  attached  to  the  above  two  figures.  Tho  general  pro'olera 
here  involves  the  analysis  of  so-called  "sensitivity  data". 

Problems  involving  the  use  of  sensitivity  data  have 
been  dealt  with  in  detail  by  0.  I.  Bliss  [1],  C.  T/cst  Church- 
man (2)  the  Statistical  Research  Group,  Princoton  University  • 
(5)  and  others.  All  these  treatmonts,  however,  deal  with  ■ 
problems  for  v;hich  tho  levels  of  stimvxlus  oi-tcst  ctn  be 
preassigned  or  controlled.  There  is  a class  of  sYncitivity  . 
problems,  however,  for  which  the  levels  of  test  nolther 
be  nssigied  pi.'ecl.sely  in  advraicc  or-  controlled.  A\typical 
problem  of  this  type  is  tho  present  one  of  determining  tho 
Ballistic  Limit  velocity  of  armor*  plate.  For  this  case,  a 
velocity,  for  example,  of  2000  f/s  ray  be  aiired  at  (by  ad- 
justment of  the  weight  of  propellsuit  powder) , bat  due  to  a 
random  distribution  of  velocities  for  a fixed  chargo,  the 
velocity  actrally  attcired  iray  bo,  say,  2015  f/e.  Thue,  it 
is  not  feasible  to  control  velocity  such  that,  for  excrpls, 

5 projectiles  coxjld  be  fired  nt  a velocity  of  2000  f/s, 

*iSjArXT5TJIc  Limit  has,  in  many  instmees,  been  defined  sorj- 
what  loosely  as  "that  velocity'  at  ivhich  a given  type  of  pro- 
jectile v;ill  penetrate  a given  (thiclrr^coo  erj  typ  of)  armor 
plate".  Hov;over,  it  turns  ,otit  that  for  a ssrioo  of  AS’  Pit)- 

^4  •A  A ^ t-  .*  A 


becomes  necessary  to  rogerd  th-e  "rallistic  Liriit"  as  a pora;'.- 
otcr  of  the  probability  distribution  involving  tho  proportion 
of  successes  for  various  levels  of  velocity* 


i 


• « 


Dnothor  5 rounrio  at  2025  f/s,  otc.  O.nco  raAP  projr.ctile  haa 
bec-n  fjrod  and  its  velocity  treasured,  bov.'ever,  tlten  it  can 
be  said  that  the  volooicy  attained  is  bnotsii  ratlnr  precisely 
nnd  is  th.us  "free  of  errea-".  In  the  oxocution  of  a test  for 
doteritiinlng  the  Ballistic  Limit  of  a given  armor  plate there- 
fore,- thr?  results  of  such  a test  usually  yield  a set  of 
distinct  projectile  velocities  or  testing  levels.  Assuming 
t)at  each  txrojecti3e  has  a "critionl  velocitj'*'  at  or  above 
rhich  the  projectile  viill  penetrate  the  plate  tuid  be]  c:.'  vhich 
it  vdll  fnil  to  p?;n<jtrnte ,•  and  also  that  these  critical  . . . 1 

velocities  follow  the  IToriral  Bisti-ibution  Law,  then  the  general  * ‘ ' 

problem  inoy  be  to  doto3T:ine  for  any  ^ven  velocity  the  prob- 
ability of  a penetration.  However,  it  is  usually  sufficient 
in  many  practical  cases  to  determine  that  velocity  for  v-hich 
the  probability  of  y/onetration  is  one-half  (defined  hereinafter 
as  tlic  Ballistic  Limit  velocity).  The  reiraindcr  of  this  note 
,is  concenjed  vdth  how  the  lasan  or  Ballistic  Limit  velocity  and 
standard  deviation  of  the  normally  distributed  critical  velocities 
iray  be  estimated  from  a unique  set  of  velocities,  taid  Ijow  the 
precision  of  oia:  estinates  nay  be  .approximated.  Althouf^  our 
primary  interest  centers  around  te.sts  of  armor,  it  is  apparent 
that  the  methods  studied  herein  are  generally  applicable  to 
other  problems  of  tlio  tyjee  coiisidercd  in  this  note. 

pgtermination  of  the  Likelihood  Function.  As  a 
resx’lt  of  test  wo  have  an  observed  s.et  of  generalTy  distinct 
velocities,  v . , and  a statorrfint  for  each  velocity  that  the 
projflc-llle  penetrated  or  failed  to  peneti-nte  the  plate.  If 
the  true  jirobabilltioE  of  penetration  at  these  veiocities  are 
the  probability  of  the  observed  set  of  observations  may  • 

be  written  in  the  form 

(1)  P » n Pa^^qj  = 0 or  1 for  tie  different 

i ^ ^ ^ levels,  of  test. 

where  under  the  assumption  of  11)0  Normal  Distribution  of 
critical  velocities 


-tV2 

>1=]  1 o dt=l-4, 

,/Ow 


« the  chmice  of  a complete 


penetration  at  the  velocity,  v^^, 


/ 


t . « 


V.  ’‘/I 


i a 


Hie  deviation  In  velocity  from expressed 


in  standard  units  and  rnd  c erro  tlx)  unlcnov/n  moan  oz*  50^i 
velocity  nnd  standard  deviation  in  velocity,  v/o  desired  to 
est1.uiato«. 
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Tlio  qxjtvrtity  is  n discrete  random  variable  which  tsjics  the 

value  1 fbr  n complete  penetmticai  and  the  value  0 for  a parbial 
or  incorapleto  penetration.  (At  tto  velocity  the  quantity 

has  an  expected  or  mean  value  of  p^) , 

To  cstiirate  the  parameters >!^and  a,  employing  R.  A. 
Fisher's  Kethod  of  MaximuDf  Lilrelihood,  it  is  customary  to 
maximize  the  Likelihood 'function  L - Log  P i.e. 


~^{Ji  ■*'  log 


5 • l*othoa  of  Maxiirum  Likelihood  for  the  Estimation 
of  A and  a.  In  order  t'o  maximize  *L  vf®  equate  "t  6~zer6  the 
PnrtinF’d’erivatives  of  L rdth  respect  to  and  c,  and  then 
solve  for  the  cstitcates  ^end  [The  cgiret  is  used  to  denote 
an  estimate  of  a population  parameter]. 

To  maximize  the  function  L,  ths  derivatives  of 
and  qjj^  with  respect  to/e  and  or  will  be  nfeeded.  Thsy  are: 
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The  maximum  likelihood  equations  arc  then  rreadily  found  to  bo 

<5' 

* » 

For  an  observed  set  of  unique  velocitioo»  hov/over,  we  Dub~ 
stituto  the  actual  (i.e.  0 or  1)  for  each  vciccity  and  thus 

(l)i  (2),  (5)  and  (4)  may  conveniently  be  rearrsnged  end  ro~ 
written  for  computational  purposes  as 


(ia)  P « p^  4^,  where 

n=  number  of  pene-fcrations  and  m = nxunber  of  non-ponetrations . 
n ^ 

(2a)  1 = log  Pj^  + ^ log  q^  (i  for  complete  penetrations, 


3 for  failures  to  penetrate) 


In  order  to  solve  the  above  set  of  equations  r(3a) 
and  (4a))  for^t  end  o the  standard  iteration  method  for  osti~ 
mating  two  parameters  from  the  maximum  lil:elihood  principle 
will  bo  employed.  This  procedvrb  is  particularly  effective 
provided  close  first  estiiratcs  of /<.  end  cr  can  be  found.  In 
this  connection,  if  n suitable  number  of  rounds  have  been 
fired  then  the  use  of  probability  paper  is  expeditious  in 
obtaining  first  cstiirates,  by  gicupins  "the  velocities,  plotting 
the  observed  proportion  of  complete  penetrations  as  a function 
of  the  observed  velocities,  and  estimating/c.  and  a from  the 
line  graphed.  Should  the  number  of  rounds  fired  be  fen,  say 
five, 'a  graphical  first  estimate  may  be  obtained  by  plotting 
equation  (3a)  for  vni'ying  a and  equation,  (4a)  far  varyiitS/'^* 
Intersection  of  these  two  curves  will  .cive  a solution  or  a 
good  first  estimate  to  use.  It  is  conceivable  that  for  a 
given  set  of  observations,  however,  practical  solutions  of 
equations  (3a)  and  (4a)  may  not  exist.  That  is  to  say,  we 
will  not  be  concerned  A«ith  values  of  the  standard  deviation. 

Of  for  which  o-s-O. 

The  appropriate  simultcmeoiis  equations  for  iteration 
on/<Gnd  a are 
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(5) 

(6) 


dt  _ 

••  L I ■ . . «>•  ■gt 


L/i  + 


La 


- aji- 

<^^o 
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L/C* 


La 
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Vtlisrc  ana  ho  give  1:1jo  appi-oxlmato  errors  in 

A^  end  Oq  c:?..  tho  iiicrcKsn’i: 3 Ijo  Ijo.aaaod  to  tho  os  W.riafcc3 
(//p,  a^j)  in  tho  itoratioii  process. 

It  is  evident  from  (5)  and  (6).  that  tho  second  irsartial 
derivatives  of  Ii  arc  needed  for  the  iteration  end  they  arc: 

(7)  '2^  = 1,  - 5-  il!  . r iiSi  - s;  f if] 

a/(s  \ Pi  \ p^sj  • 

Wis  ” h -■  X !i2i . r vd-  f 

^Ao  . i (L^s  T p^  f p^aj 


,t®Z,  ^t,  Z,  ^t«Z'2  _t/Z, 


do-  a-  i h V i ^*1  . 

fj-  r / iiii  - 5 z/ 

^ “T  Pi»  J ^ r*  L ‘ 

By  examination  of  those  cQuatioris  it  is  ep parent  (cco  nnr'srical 
example  belon)  that  the  computational  t/oi'a  involved  om  ho 
aoooraplish ed  somewhat  readily  on  a desk  calculator,  since  ell 
cxpi-essions  involved  ai'c  functions  of  tho  folliOVTins  .coliurns 
of  factors. 


qj's 


Pi's 


K !l^! 


..X, 


Volvieo  'of  Di*o  given  in  Tables  I and  II  . 

and  wero  taken  from  reference  [4]. 

4*  The  Approximate  Variances  of  and  g»  Approxirrations 

for  the  varianceo  of  A end  a cay  bo  obtairsd,  in  accordance  tvith 
existing  Maximum  LikelUiood  theory,  from  the  expected  valias 
of  the  second  partial  derivatives  of  the  likelihood  L as 
expressed  in  (2), 

The  second  partial  derivatives  of  the  likelihood  L 
as  expressed  in  (2)  are; 


(10)  # = -1  ^ fa-iy  - (i-'<)  !l  - cC  !i!i  - 4 ill 

^/f2  ^2  i (J  ^ ^ q**  ^ ^i  ^ P?r 

• ^ -d-s-O^  ^ 


(12) 


_ 1 


. 3a®  a® 


I ^ 


* i P 


ii  + cT,  !i!i  - / il!l| 

i '■t  ^ pj  I 

Since  tho  expected  value  of  cT,  [i.e.  £(/.))  is  f?,  we  obtain 
from  (3)j,-(4),  ,(10),  (11)  .and  (12)  tho  Mlor/i?is: 

<«>  ^ (§iy  I ^ [h-h}  - ° 

==  ) = I f (Vi-Vi]  = 0 

(15)  E - -iS  f.  !i  - !i) 

ij/i-;  9i  pj  . , 


(16)  B 


= i.zl 

a®  ^ I 

ti"i  Vi 
^i  "“Pi 


t 

t 

I 
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t 
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(17)  E 


S k. 

_\^av  or® 


^ J-  s.^ . !i!i 


Asnuming  that  approxiraatoly 

- (0)  “ W 


ana  viriting 


•\V"‘ 


^ = ' ■./■', 

(which  are  the  approritrato  vorlancoa  end  covarlanco  of 

ajia  then  from  a theorem  on  Maximum  Liltollhood  cstirtatoo 
the  variancO“COvaria2ioo  matrix  of and  o may  be  obtained  as* 


v/< 

A/iP 

-1 

A/to 

haa 

ca 

,/ia 

j^OO 

In  \vhich  the  varicnco  .cf;&  ; «■  cric,  4)e  varjanoo 

of  4j  and  is  tho  approximate  covca'jnnoo  of;C»  and  0. 

5»  ISxamplo . In*  firing  five  rounds  of  a given  pro- 
^Jectlle  at  a given  plato  tha  follov/ing  obsorvatioiia  woro 
rocordod.  • . 


• 9 


]l 


Velocity 

2435 

2415 

2415 

2453 

2423 


Condition  of  Impact 

Ifon-Pone  tration 

flon-Pcao  trati  on 
lon-Pcinc  trati  on 
Penetration 
. Pcno  tration 


Using  the  graphical  method ’of  obtaining  a first  estimate,  as 
discussed  in  paragraph  3».v'e  obtain  for  plausible  first 
estiir«ite , = 2440  and  « 20.  V/o  arc  nor/  in  a position  to 

employ  the  iteration  method  of  solution  arid  set  up  a ss'Stemntic 
tabulation  as  folloivs: 


N.r. 


t. 


„2A3L. 

-.350 

. 1225 

- .0429 

-i5ai 

• 

.3469 

2415 

-1.250 

1.5625 

-i.9531 

.204 

.0416 

^415 



pl.S'gTTl 

-rrgTii 

.204 

.0416 

• 

.2i53l 

—.650. 

_fJ225_ 

.274  6 

‘4.33 

.185)2 

2425 

-.050 

.7225 

“■^P/X 

1.406“ 

1.9763 

a/23:)  =r!i-:rfi 
{s4  i i I>1 


~»8440 


a7|3:)  =r!,l!4.^  .1962 

[dajo  'i  <1^  i Pi  . . 

^/m  = 1 \zii.i . 2;ii  .rii 

U/c^-Jo  ^ ^ q5  ^ I'i  ^ p? 

— j 

a f^)  .it  3h 


= -.1200 


= .0646 


o «i 

a ^Jo  ^ 


. zlii  .s!Ei 


S>7  2 


3 q^  3 qfl  i Pi’  T p^ 

T I H ■- 

“-.0978 


^ “pF 
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(5 


t; 
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Eqviations  (5)  find  (6)  now  bcooa© 


.8440  = -.1200  LA*  .0646  Aa  '• 

-.1962  a .0646  A/<  - .0978  La 
Solvins  for  Aa  end  Ao  >vo  get 

LA  = -9.2;  Acr  « -4.1  • • . 

Our  second  esticate  of  A-  and  o thus  become  approximately 
^5=  2450  and  o''^~16.  Repeating  the  above  process  tv/ice  more, 
wo  finally  obtain  estimates  to  the  nearest  ft/sec.;  namely 

2431,  - 15. 


we  compute 


To  determine  the  approximate  variances  of^and 


= (B)‘  ^ ^ f 3 ■ S ° 5I5 


= t ^ ' si?  ‘-’SIO)  = .00325 

■ - -1:^  r yi-5  t-1-7653]  = -.00735 


(0) 


3- 


p7"J  " m 


Thus  Lm/(  ” .01023 

Aao  = -.00325 

Aac  - .00785 

The  Variance -covariance  mtrix  is  given  by 

.01023  -.00325  112. C 46.6 

I 

-.00525  .00785  “ 46.6  14  6, .7 

yielding 

o^  =»  112.6  o^  « 146.7 

a 


<^  — 10.6 


a^  = 12,1 


I 


I 


ConclnsioTi.  I’or  tbs  parti  culor  claos  of  problersa 
employing  oentirb'ivrty  data  with  v.blch  wo  nro  concernod  in  this 
report  it  ia  poasiblo  to  dGtcrmlJvj  by  ths  Method  cf  Mfiximici 
Likelihood  catiirjxtes  lof  tho  parnmotora/*  uid  a of  tho  aosiurod 
vuidor3.yittg  Hoi'nial  Distribution*  Moreover,  it  is  possible  to 
detennino  the  approxiirato  variances  of  these  estimates. 

It  is  recor.i!5-‘3iYlea,  hesr/over,  that  in  the  exocxJtion 
of  tho  test  core  be  tsken  to  insure  e good  "aonc  of  mixed 
rosulta”,  i,c,  a iraigo  of  vclocitios  v/hich  yield  an  entangle- 
mint  of  penetrations  mid  non- penetrations.  Probably  the  best 
v/ay  to  obtain  a good  “zone  of  mixed  results”  would  be  tSio  use 
of  an  ”Up  and  Dov/n”  Method  [3J  of  firing. 
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. TABLE  I 
VA&ICS  0?  Z /p 


0,0 

0.1 

0.2‘ 

0.3 

0.4 

0.5 

0.6 

0.7 

0.8 

0,9 

1.0 

1.1 

1.2 

'1.5 

1.4 

1.5 

1.6 

1.7 

1.8 

1.9 
2.0 
2.1 
2.2 

2.3 

2.4 

2.5 

2.6 
2.7 
2.0 

2.9 

3.0 

3.1 

3.2 

5.3 
.3-4 
•3.5 
3.6 


0.793 

0.735 

0.675 

0.617 

0.562 

0.509 

0.459 

0.412 

0,368 

0.326 

0.200 

0.252 

0.219 

0.190 

0.163 

0.139 

0.117 

0.090 

0.002 

0.063 

0.055 

0.045 

0.036 

0.029 

0.023 

0.010 

0.014 

0.010 

0.003 

0.006 

0.004 

0.003 

0.002 


.01 

,02 

0.7 

92 

0.705 

0.7 

29 

0.723 

0,6 

69 

0.663 

0.6 

12 

0.606 

0.5 

56 

0.551 

0.5 

04 

0.499 

0.4 

54 

0.449 

0.407 

0.403 

0,563 

0.359 

0.322 

0.318 

0.284 

0.280 

0.249 

0.245 

0.216 

0.213 

0.187 

0.184 

O.IGO 

0.158 

0,137 

0.134. 

0.115J 

0,113 

0.097 

0.095 

0.030 

0.079 

0.066 

0.065 

0.054 

0.053 

0.044 

0.043 

n r\T  A 

0.779 

0.717 

0.657 

0.600 

0.546 

0.494 

0.445 

0.390 

0.355 

0.314 

0.277 

0.242 

0.210 

0.101 

0.155 

0.152 

0.111 


0.773 

0.711 

0.652 

0.-595 

0.540 

0.489 

0.440 

0.394 

0.351 

0.510 

0.273 

0.239 

0.207 

0.179 

0.155 

0.150 

0.110 

0.092 

0.076 

0.062 

0.051 


0,766 

0.705 

0,646 

0.589 

0.535 

0.484 
0.455 
0.389 
0.3  46 
0.306 
0.269 

0.235 

0.204 

0.176 

0.150 

0.128 

0.108 


mR 


0.760 

0.699 

0.640 

0.5B4 

0.530 

0.479 

0,430 

0.305 

0.542 

0.303 

0.266 

0.252 

0.201 

0.173 

0.14s 

0.126 

0.106 

0,083 

0.073 

0,060 

0.049 

0.039 

0.031 

0,025 


0.016 
0.dl2 
0.009 
0.007  ! 
0.005 
0.004 
0.003 
0.002 
0.002  I 
0.001  ! 
0.001  i 
0 


0.0161 

.012 

.009 


0.007 


0.001 

0.001 

0.001 


0.015 
012 
009 

007 

005 

004 


0.002 


0.754 

0.693 

0.634 

0.578 

0,525 

0.474 

0.426 

0.381 

0.338 

0,299 
0.262 
0.229 
0.19a 
0.171 
0.146 
0.124 
0 . 104 

0.087 

0.072 

0.059 

0.048 

0.038 

0.051 

0.024 

0.019 

0.015 

0.011 

0.009 

0.007 

0.005 

0.004 

0.003 

0.002 

0.001 

0.001 

0.001 


For  necativc  vnl\>3s  of  t,  pa 

= 2,^  on« 

pFTf  qH;) 


.08 

.09  • 1 

0.748 

0.741  I 

0.687 

0.681  1 

0.629 

0,623  I 

0.573 

0.567  ! 

0.519 

0.514  i 

0.469 

0.46'^  ! 

0.421 

0.417  1 

o:.376 

0.372  ! 

0.354 

0.350  ; 

0.295 

0,291  : 

0.259 

0.255  :• 

0.226 

0.223  : 

0,195 

0.195  ; 

0.168 

0.165  } 

0.143 

0.141 

0.121 

0.119 

0.102 

0.100  . :■ 

0.035 

0.085'  \ 

0.070 

0.069  1 

0.058 

0.056 

0.047 

0.046  1 

0.038 

■0.037 

0.030 

0.029 

0.024 

0.023  I 

0,019 

0.018  ? 

0.014 

0.014  " 1 

0.011 

0.011  : 

0.008 

0.003-  1 

0.006 

0.006  1 

0.005 

0.005  ; 

0.003 

0.003  [ 

0.005 

0.002  1 

0.002 

0.002  : 

0.001 

0.001  : 

0.001 

0.001  : 

0.001 

0.001 

is 

t 

* 

i 

! 

• 

TABLE  II • 
VALUES  OP  Z Ai 


0.0 

0.1 

0.2 

0.3 

0.4 

0.5 

0.6 

0.7 

0.0 

0.9 

1.0 

1.1 

1.2 

1.3 

1.4 

1.5 

1.6 
•1.7 
1.8 

1.9 
2.0 
2.1 
2.2 

2.3 

2.4 

2.5 

2.6 
2.7 
2,0 

2.9 

3.0 

3.1 


.00 

.01 

0.79£ 

0,80-4 

0.863 

0.869 

0.929 

0.936 

0.998 

1.005 

1.069 

1.076 

1.141 

1.148 

•1.215 
1.290 
1.367 
1.446 
1.525 
1.606 
1 . 637 
1.770 
1.854 
1.930 
2.024 
2.110 
2-.  197 
2.285 

2.375 
2.462 
2.551 
2.641 
2.732 
2.023 
2.914 

3.006 
5.098 
3.190 

5.203 

3.376 
3.470 
5.563 
3.657 
3.751 
3.04  6 
3.940 
4.035 
4 .130 
4.226 


1.222 
1.290 
1.575 
1.4  54 
1.533 
1.614 
1.696 
1.779 
1.862 
1.947 
2.033 
2.119 
2.206 
2.294 
2.331’ 
2.470| 
2.560; 
2. 650 1 
2.741 i 
2.832? 
2.923; 
3.015! 
3.107  • 
3.200; 
3.292 
3.306. 
3.479 
3.573 
3.667 
3.761 
3.055 
3.950 
4.0-;  5 
4 .140 
A.235 


0.011 
0.876 
0.943 
1.012 
1.083 
1.156 
1.230 
1.306 
1.383 
1.461 
1.541 
1.622 

1.704 
1.787 
1.671 
1.955 
2.041 
2.128 
2.2151 
2.503 
2. •390! 

2.479* 

2.569! 

2.659! 

2.750 

2.B41 

2.932 

3.024 

3.116; 

3.209! 

5.302 

3.3951 

3.488! 

3.532! 

3.676; 

3.770 

3.865- 

3.959, 

4.054? 

4.149; 

4.245 


0.017 

0.082 

0.950 

1.019 

1.090 

1.163 

1.237 

1.315 

1.391 

1.469 

1.549 

1.630 

1.712 

1.795 

1.879 

1.864 

2.050 

2.136 

2.223 

2.311 
2.399 
2.488 
.2.578; 
2.668  1 
2.759  ; 
2.850  i 
2.942  j 

3.053  1 
3.126  i 
3.218'; 

3.311 
3.404  ! 
3.498  ! 

3.591 

3.685 
3.780 : 
3.874  I 
3.969 1 
4 .064 
4.159 
4.254 


O.S24 

0.809 

0.957 

1,026 

1.097 

1.171 

1.245 

1.321 

1.399 

1.477 

1.557 

1.638 

1.720 

1.804 
1.880 
1.972 

2.053 
2.14  5 
2.232 
2.320; 
2.408, 
2.4971 
2.5871 
2.677 
2.768! 
2.859! 

2.951 
3.043 
3.13  51 
3.227  i 
3.320! 
3.413  i 

3.507  1 

3.601 

3.695 

3.709 

3.804 
3.970 
4.073 

4.169 
4,2  64 


0.830 

0.096 

0.964 

1.033 
1.105 

1.178 

1.253 

1.329 

1.406 

1.405 

1.565 

1.646 

1.729 
1.812  • 
1.896 
1.981 
2.067 

2.154 

2.241 

2.329 

2.417 
2. 506 
2.596 
2 . 687 
2.777 
2.063 

2.960 

3.052 

3.144 

3.237 

3.330 
3.423 

3. 516 
5.610 

3.704 
3.799 
3.893 
3. 908 

4.033 

4.170 
4.273 


O.S56 

0.902 

0.970 

1.040 

1.112 

1.185 

1.260 

1.356 

1.414 

1.493 

1.573 

1.655 

1.757 

1,820 

1.905 

1.990’ 

2.076 

2.162 

2.250 

2.35s 

2.426 

2.515 

2. 605 
,2.696 
2.786 
2.870 
2.969 
3.061 
5.153 

3.246 

3.339 
3.432 
3.526 
3.620 
3.714 
3. 808 
3.902 
3.997 
4.092 

4.180 

4.203 


0.843 

0.909 

0.977 

1.047 

1.119 

1.193 
1.2  68 
1:344 
1.422 
1.501 
1.531 
1.6'63 
1.745 
1.029 
1.913 

1.998 

2.034 

2.171 

2.258 

2.346 

2.435 

2.524 

2.614 

2.705 

2.795 

2.887 

2.978 

3.070 

3.163 

3*255 

3.348 

5.441 

3.535 

3.629 

3.725 

3.017 

3.912 

4.007 

4.102 

4.197 

4.292 


0.849 

0.916 

0.904 

1.054 

1.126 

1.200 

1.275 

1.352 

1-.450 

1.509 

1.590 

1.671 

1.754 

1.030 

1.522 

2.007 

2 .095 

2.180 
2.267 
12.355 
2.444 

2.533 

2.623 
2.714 

2.805 
12,896 
! 2.507 
i3.079 
13.172 
3.265 
i3.358 

5.451 

3.544 

3.638 

15.732 

3.027 

3.992 

4 .016 
4.111 
4.206 

. 4.302 


0.856 

0.923 

0.991 

1.062 

1.134 

1.207 

1.203 

1.360 

1.458 

1.517 

1.598 

I. 679 

II. 762 
}1.8.',6 
1.950 
2.015 
12.102 

2.180 
2.276 
2.564 
2.453 
2.542 
2.632 
2.723 

2.814  ' 

= 2.905 

;2.997 

15.089 

:3.ini 

:3.274 

5.567 

3.460 

3.554 

:3.6-io 

i3.742 

13.856 

p.931 

M.026 

14.121 

4.216 

‘..512 


For  negative  values  t,  p an(3  q are  intcrchcnged,  that  is 

and  Z(-t)  Z(t) 

. .P\-tr  qXtJ  qFc)’ 
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